In this paper we review the proposals in the literature to optimise bus rapid transit (BRT) system operation, which are based on bus scheduling and focused on varying the times between each bus departure of the different bus routes. We propose a mathematical model that adapts elements of the above proposals and incorporates novel elements accounting for the features of TransMilenio, which is Bogot´a's most important mass transportation system and one of the biggest BRT systems in the world. This paper is a revised and expanded version of a paper entitled 'First approach to the optimization of Bogotá's TransMilenio BRT system' presented at FORS40 -Finnish Operations Research 40th Anniversary Workshop,
New plans have been made to expand it due to its success, and similar systems have been constructed in other cities of Colombia.
There are very few proposals in the literature focused on optimising the BRT system operation, mainly because they are relatively recent phenomena, and many of the currently operating BRT systems are far from reaching maximum capacity. To the best of our knowledge, there are no proposals for automatic route design. The closest to this is the model proposed in Leiva et al. (2010) that evaluates and selects the best routes from a given set.
In this paper we review of the proposals in the literature to optimise BRT system operation, with a special emphasis on TransMilenio, and propose a mathematical model that adapts elements of the above proposals and incorporates novel elements accounting for the features of TransMilenio. Specifically, we introduce a new model for evaluating TransMilenio routes, given the trip demand in the form of an origin-destination matrix.
Section 2 introduces BRT systems and their main elements. Section 3 focuses on TransMilenio, Bogot´a's most important public transportation system and one of the biggest BRT systems in the world. In Section 4, we review the different studies in the literature on the optimisation of BRT systems and, specifically, on TransMilenio. In Section 5, we introduce a new mathematical model approach to the optimisation of TransMilenio. Finally, some conclusions and future research are discussed in Section 6.
BRT systems
A BRT system was defined in Wright and Hook (2007) as a system based on high quality buses, that provide fast and a comfortable urban mobility and with a favourable cost-benefit through the provision of segregated infrastructure of exclusive use, fast and frequent operations, and marketing and customer/user service excellence.
The first BRT system started operating in Curitiba in 1974, but until the decade of 1990 this type of system was seen as a public transportation solution for small cities or as complementary systems of a metro network. Many experts considered that they were not able to reach a capacity beyond 12,000 passengers per hour per direction (pphpd). This perception radically changed in 2000 with the creation of TransMilenio in the city of Bogot´a (Colombia). Nowadays, TransMilenio transports nearly 500 million people yearly (Observatorio de Movilidad, 2011) . It introduced a series of improvements that raised the capacity of BRT systems enormously to 45,000 pphpd, and has inspired many cities around the world to implement this type of systems (Wright and Hook, 2007) .
Nowadays, there are 149 cities with BRT systems, and 84 more are planned. The majority of systems were built after the year 2000. This fact can be attributed to TransMilenio's success, as illustrated in Figure 1 , which shows the evolution in the number of cities with BRT systems per decade and the respective number of kilometres. Table 1 shows the price range for mass transportation systems based on a comparison of infrastructure costs real data (Wright and Hook, 2007) .
The infrastructure costs for BRT systems are clearly significantly lower than for any other rail-based transportation system. The city of Bangkok is a case in point. This city has an elevated rail system (SkyTrain) and an underground metro system (MRTA), a proposed BRT system (Smartway) and a proposed light rail train. The real costs per kilometre of the metro systems and elevated train were US$142.9 million and US$72.5 million. The projected costs per kilometre for the proposed light rail and BRT are US$25 million and US$2.34 million. This means that with a budget of US$1,000 million they could build 7 km of underground train, 14 km of elevated train, 40 km of light rail train or 426 km of BRT system (Wright and Hook, 2007) . BRT and busway systems in the world Unlike rail systems around the world, BRT systems are capable of operating without government subsidies. As a matter of fact, they are profitable, which is the reason why many governments delegate the operation to private companies. This is a great advantage, especially useful for developing cities, where governments have tight budgets and there is nothing better than a self-sustaining mass transportation system which allows the government to invest resources in other areas such as sewerage, education and health.
BRT systems can be planned and implemented in short time periods, which can be covered in one government term. The two most successful and complete BRT systems (Curitiba and Bogot´a) were planned and implemented in a three year span.
Formerly it was thought that bus-based services could operate within a range up to 6,000 pphpd. If the demand was higher, a light rail-based system should be considered, with capacity between 6,000 and 12,000 pphpd. A heavy metro system had to be considered for a higher demand, since its capacity ranges from 25,000 to 80,000 pphpd.
The arrival of BRT systems with a capacity range from 3,000 to 45,000 pphpd changed the situation. BRT systems turned into a real mass transportation alternative for big cities, and the myth that says that BRT systems cannot compete with metro systems in terms of capacity was broken. As a matter of fact, it is not necessarily true that big cities need overflowing levels of capacity, an example is the London metro system, which has a capacity of 30,000 pphpd, but thanks to its multiple parallel lines it has distributed corridors demand across the entire transportation network.
Main components of a BRT system
A BRT system has seven main components (Levinson et al., 2003; Hinebaugh, 2009 ): busways, stations, vehicles, fare collection, intelligent transportation systems, service and operation plans, and branding elements.
The busways or corridors are the main component of the BRT systems and it is where the vehicles circulate; they are like the rails of a metro system. They are also the most expensive and one of the most visible elements of the whole system. Therefore, they have a direct impact on the image and perception the users have of the system (Hinebaugh, 2009 ). The busways must be exclusive for the system buses. Furthermore, the busways must be located in the centre and not at the side of the road (Wright and Hook, 2007) .
The stations are the link between the passengers, the BRT system and other transportation systems. They are the element that has most influence on the system's image, that is why they must have comfortable facilities so that the passengers feel at ease. The stations must accommodate many more people than a bus stop, so they must have a wide infrastructure (Hinebaugh, 2009 ) since they are located in high demand busways. Besides, the stations must protect the users from climate conditions. The boarding platforms must be at the same height as the buses floor to ease and speed up passenger' access. There must be also large capacity header stations at the ends of each busway to integrate busways and feeder routes (Wright and Hook, 2007) .
The vehicles are the system's element in which the passengers spend most of their time. They have a direct impact on speed, capacity, comfort and environment friendliness. They are the element that most non-users see, becoming one of the elements with most influence over the public's perception of the system (Hinebaugh, 2009) .
Currently, there are three types of vehicles: articulated, bi-articulated and simple. Articulated buses have the capacity for 160 passengers and operate within the busways. Bi-articulated buses have the capacity between 240 and 270 passengers and operate within busways. Simple buses have the capacity for 90 passengers and in some cities they operate only in mixed traffic corridors as feeder routes. In other cities with low capacity BRT systems operate in busways.
Fare collection has a direct effect on capacity and the system's income. If fares are collected outside the bus, it decreases passenger waiting time through bus boarding efficiency. This is especially useful for bus routes that have high levels of demand (Hinebaugh, 2009) . The fare may be collected outside the bus at the station entrance. Furthermore, fares should be integrated, that is, users should be able to transfer from one bus route to another, including feeder routes, without having to pay an extra fare (Wright and Hook, 2007) .
The intelligent transportation system is a technological component that helps to improve overall system performance. It is a combination of different technologies to retrieve all kind of data about system operation, from the number of passengers that enter the system to the positioning of every vehicle using GPS, vehicle departure times, traffic conditions, the traffic lights, etc. The goal of this component is to collect and transform all the possible information into useful knowledge for operators, and ultimately benefits for the passengers.
The service and operation plans directly affect the user's perception of the system. A good plan allows to adjust to the levels of demand present along the busways. Frequencies should be high to reduce waiting times, and a good design will also help to reduce the number of passenger transfers. Furthermore, the route maps must be easy to understand for users (Hinebaugh, 2009) . The busway and feeder routes must be physically integrated, forming a network. Besides, the entry of other public transport operators must be restricted (Wright and Hook, 2007) .
The BRT systems must have a distinctive brand image from other transportation systems. A good marketing strategy can position the brand and improve its image to attract more users. The BRT system should have a positive brand image.
TransMilenio BRT system
TransMilenio is Bogot´a's most important mass transportation system and one of the biggest BRT systems in the world. It is based on the Curitiba BRT system, and due to its success there are new plans to expand it. Similar systems have been constructed in other Colombian cities. Currently, the system has completed its third construction phase out of a total of eight.
A clear definition of TransMilenio is given in Chaparro (2002) :
"TransMilenio is defined as an urban mass transportation system that privately operates high capacity articulated buses that circulate through segregated busways, which are integrated into a system of feeder services that cover circular peripheral services with medium capacity buses. The system has stations with platform level boarding and automatic doors synchronised with the buses, where passengers take or get off the buses and the service is limited for those who have bus tickets. A satellite control system permanently supervises the buses, and the one-payment fee allows the passenger to board both busway and feeder services."
Infrastructure
TransMilenio's infrastructure is composed of three fundamental elements that are vital for the operation: busways, stations and buses. TransMilenio buses circulate on exclusive roads called busways. Currently the system has 11 busways with a total length of 104.6 km (Ángel et al., 2010) . There are two types of busways: one lane and two lanes busways. The one-lane busways have passing lanes at stations so that buses can pass each other, thereby providing for express routes. The busways are located on the city's main roads and are physically separated from the mixed traffic lanes. The busways are in the central lanes of the roads (Ángel et al., 2010; Chaparro, 2002) . Internal rules of circulation and operation control can be imposed to improve system performance because the lanes are used exclusively by buses.
As a complement for the buses that circulate on busways, there are lower capacity buses that circulate on the other roads of the city. These routes are called feeder routes and have predefined stop points (Cain et al., 2006) .
TransMilenio has a total of 143 stations. These stations form the area where the users can move and board bus routes (the 'paid area'). The station platforms are at the same height as the bus doors, and that makes it easy to board the buses (Ángel et al., 2010; Chaparro, 2002) . There are three types of stations: portal, intermediate and standard. The portal stations are the main stations of the system and are located at the ends of each busway. They are the starting and final destination points for the buses. Furthermore, they have access to feeder routes, which depart from and arrive at these stations like the busway routes. In this way, the transfer between routes becomes easier. The intermediate stations are similar to the portal stations (passengers can transfer between busway and feeder routes) but are located at intermediate points of the busways and not at the ends (Ángel et al., 2010) . The standard stations are smaller than the other two and only allow access for busway routes. They are located along the busways with an average separation of 500 metres. Their size varies and they can serve 1, 2 or 3 buses simultaneously in each direction.
TransMilenio has three types of busway services: normal, express and super-express. The normal services are routes that stop in all stations along the way. They have a higher frequency than the other types of services. The express services stop only at some stations (from 40% and 60%), and have a higher average speed than normal services. The stop plan of these services has been designed according to the levels of demand of the stations along the busway (Cain et al., 2006) . The super-express services are very similar to the express services. The only difference is that they stop at fewer stations (about 20%) of the stations along the busway. These services are better for users that have long journeys because they stop at fewer stations (Cain et al., 2006) . Currently, TransMilenio has 1,392 busway buses (articulated or bi-articulated) and 574 feeder buses.
Speed
System buses operate at average speeds of 19 and 32 km/h for normal and express services, respectively (Cain et al., 2006) .
TransMilenio increased the average speed of the city's corridors. For instance, the Caracas corridor had speeds of 12 km/h and Calle 80 of 18 km/h due to the oversupply of private bus operators that there was before TransMilenio and which generated traffic jams.
TransMilenio has an average speed of 26 km/h (Cain et al., 2006; Wright and Hook, 2007; Observatorio de Movilidad, 2011) . This means that the average speed of public transport increased by 15 km/h after TransMilenio was implemented.
Nevertheless, the speeds are not the same in all busways for different reasons, such as the number of traffic lights along the busways, the number of lanes and even the type of material the street is made of Gleave (2007) .
Capacity
TransMilenio has a maximum load capacity of 45,000 passengers per hour per direction (pphpd), the highest-capacity BRT system in the world and even outperforming many heavy rail or metro systems (Wright and Hook, 2007; Gleave, 2007) , see Table 2 . The transit capacity and quality of service manual (Kittelson et al., 2003) defines the capacity of any route or public transport corridor as "the maximum number of people that can be carried past a given location during a given time period under specified operating conditions without unreasonable delay, hazard, or restriction, and with reasonable certainty". This capacity is measured in number of passengers per hour. A system's capacity is limited by the component with least capacity (i.e., the bottle neck). The three key components of the BRT systems are buses, whose capacity is measured in number of passengers; stations, whose capacity is measured in number of passengers and buses; and busways, whose capacity is measured in number of buses. Whichever of these three components has the least capacity will become the factor that controls the system corridor. Several authors agree that BRT systems capacity is most often limited by the stations (Cain et al., 2006; Gleave, 2007; Wright and Hook, 2007) .
As mentioned before, TransMilenio has two types of buses that operate on the busways, articulated buses and bi-articulated buses. Table 3 shows the number of passengers that each type of vehicle can carry in a one-lane busway and with one boarding platform station, the average time that a vehicle occupies a given boarding platform (dwell time) and the average boarding time. TransMilenio increases the system capacity by using multiple boarding platforms in each station (Wright and Hook, 2007) . Source: Gleave (2007) Articulated buses carried an average of 1,596 passengers in 2006, which is five times the average number of passengers carried by traditional buses. Furthermore, the number of kilometres a bus travels has increased due to the expansion of the busways, the extension of operating hours and the increase of express services. Each bus travelled 370 km daily in 2006 (Cain et al., 2006) . TransMilenio was the first BRT system to include multiple boarding platforms inside each station. In this way, it reached levels of capacity that only heavy rail systems had (Wright and Hook, 2007) . Some TransMilenio stations may have up to five different platforms, each used for a different route.
There are two reasons for including multiple platforms in a station (Wright and Hook, 2007) . The first one is to offer different types of services, such as normal and express, which can be allocated to different platforms. The second, and most important, is to reduce the saturation levels at stations, which helps to improve the service.
Besides, it is possible to distribute the different routes along each platform in such a way that each route stops only at one platform. It is then easier for users to find routes, because the user will associate each bus route with a platform.
In theory, one station with five platforms may have five times the capacity of a station with only one platform (Wright and Hook, 2007) . To make this possible, the platform saturation level should be between 40% and 60%.
A TransMilenio capacity study was conducted in Gleave (2007) and revealed which capacity values could be achieved according to the number of boarding platforms at each station, see Table 4 . Note that it is assumed that each platform has space to keep a vehicle in line (storage space).
In BRT systems, the busway capacity is much higher than the station capacity. Bogot´a's City Council transit and transport administration manual (Valderrama et al., 2005) states that the saturation flow of the busways is reached when there are between 692 and 750 articulated buses per lane. The interval is between 470 and 730 for right turns and between 465 and 735 for left turns. Note that this capacity does not contemplate elements such as intersections or traffic lights. It is clear that the busways capacity is much greater than the stations capacity.
The basic capacity of each busway is equal to the least capacity station along the busway (Gleave, 2007) . It does not account for features that may increase system performance, such as express routes. The values for the different busways are (Calle 26 and Carrera décima busways are not considered since they were opened after the date of the study) (Gleave, 2007) 
Existing studies
There are very few proposals in the literature that focus on optimising the BRT system operation. This can be explained because BRT systems are relatively recent (until the year 2000 there were only 19 BRT systems in the world (BRTdata.org, 2013). Another possible reason could be that many of the currently operating BRT systems are far from reaching their maximum capacity. For instance, none of the BRT systems operating in USA has reached maximum capacity and all of them have plenty of space for expanding their operation capacity (Hinebaugh, 2009) . Nevertheless, there are very interesting proposals that can be used as a starting point to propose a model for optimising the operation of TransMilenio. To the best of our knowledge, there are no proposals that cover automatic route design. The closest to this is the model proposed in Leiva et al. (2010) that evaluates and selects the best routes from a given set of routes.
In the following we review of different proposals in the literature to manage and optimise the operation of different BRT systems and, specifically, for TransMilenio.
Proposals for optimising of BRT systems
Most of the proposals in the literature for optimising BRT systems are based on bus scheduling and are focused on varying the times between each bus departure (i.e., the headway) of the different bus routes.
In Sun et al. (2008) a model for optimising BRT systems is proposed on the basis of two elements, the headway, which is assumed to be uniform, and the order in which the bus routes depart.
The optimisation model is characterised by a set of predefined bus routes (normal, zone and express routes). A random number is generated and assigned to the headway. Then, the algorithm finds an optimal solution to the order in which the routes have to depart that minimises a cost function. For instance, the algorithm may determine that for a headway of five minutes the best departure order is [normal, express, express, normal, zone] . This solution means that a normal bus route should depart at minute 0, an express route at minute 5, a normal route at minute 10 and an express route at minute 15 and a zone route at minute 20. This solution may be better than for example [express, express, zone, express].
The cost function accounts for the passengers waiting time at the stations, the waiting time inside the buses and the operating costs. It is very complete and includes several variables, such as the number of boarding/alighting passengers by station, the stops of each route, the monetary value of the waiting time costs and the vehicle operating costs, among others.
The model chooses a headway for the given routes and shuffles the order of departure. A genetic algorithm is used to reach an optimal solution. The article presents a novel codification that is a vital element for the model and includes a combination of the headway and route design variables.
In Chen et al. (2012) a very complete model is proposed, with good granularity and with greatly detailed costs. An application to Line 2 of the BRT in Beijing is used to illustrate the model. The total cost of a solution accounts again for passenger waiting time at the station, passenger waiting time inside the bus, and the vehicle operating costs. Passenger walking time from home/office to the station is excluded, because bus scheduling has no influence on that time.
The model considers variables such as the bus departure frequency, the distance between stations, average speed between stations, the rates and boarding times, acceleration and deceleration times, the number of traffic lights between stations, the traffic lights cycle times and others. Furthermore, it assumes that the waiting time is equal to half of the frequency time or headway.
Fixed costs are removed from the analysis because they are unaffected by bus scheduling. The variable costs are composed of operating cost per kilometre, operating hours, vehicle depreciation, etc.
The decision variables in the optimisation model are the route headway and binary variables that represent whether or not stations are skipped. The model seeks to minimise the total costs and is subject to capacity constraints, vehicle availability and headway limitations. To accomplish this an all-stop route and an express route are combined and their headways are calibrated to minimise the total costs. The algorithm complexity increases exponentially along with the number of stations, and this is the main reason why the authors use a genetic algorithm (it would be too costly to use a deterministic algorithm). Another reason its that genetic algorithms are able to naturally represent binary variables. Leiva et al. (2010) and Larrain et al. (2010) introduce an optimisation model for the minimisation of waiting time, travelling time and operating costs for an express bus service, given the travel demand. A mathematical model is built to minimise costs given a set of stations, the distance between stations, the passenger origin-destination matrix and a set of a priori attractive set of routes. For each suggested route the model outputs the frequency of the services and the size of the buses to use.
For the construction of this model the travel demand is assumed to be fixed and known, represented by a origin-destination matrix for the analysed stations, which must be satisfied. It is also assumed that passengers arrive at an average fixed rate, passengers choose the route to their destination that minimises travel time and there is no limit on the available vehicle fleet.
The operating costs are computed on the basis of the cycle cost of a full bus route, the frequency of each route and the operating set of routes. The passengers costs are given by the waiting time at stations, travel time and transfer time. Dong et al. (2011) apply a line scheduling plan that only requires information about the congestion level inside the station to the Zhongshan Avenue BRT system in Guangzhou (China). This congestion level can be calculated using the video cameras that are located inside the stations. Once the congestion level inside the stations has been determined, departure frequencies directly related to the congestion levels are set for each line. The higher these congestion levels are, the higher the buses' departure frequencies are. In summary, Dong et al. (2011) propose a real-time scheduling scheme based on passenger' congestion levels inside the stations which can be determined from video cameras.
There are also various proposals to improve the operation of BRT systems through the prioritisation of transit signals. Ma and Yang (2007) describes the mathematical relationship between the departure frequency of a route, the cycle length of the transit signals and the number of different signal states when the buses arrive at an intersection. It proposes various strategies for prioritising signals that decrease the headway time deviation, i.e., decrease the punctuality deviation of the buses, without having a significant impact in the delay of the mixed traffic.
Other proposals that study the priority control of signals in BRT systems are reported by in Wang and Zhu (2012) , Yong et al. (2008) , Cao et al. (2009) and Xu et al. (2010) . Wang and Zhu (2012) present a real-time priority signal approach for BRT systems through two-stage green extension. Yong et al. (2008) analyse the traffic lights phase time and propose a design for traffic network control at signalised intersections, which is based on the signals that buses send when they are about to arrive at the intersections. Cao et al. (2009) propose a priority signal strategy that is based not only on detecting if a bus is going to cross an intersection, but also considers the traffic conditions of other vehicles. Xu et al. (2010) propose a new set of rules for the response of bus signal change request. This set of rules is in charge of dynamically solving the conflicts between the vehicle phases and BRT buses.
Since the construction of TransMilenio in the year 2000, various proposals have been made to optimise its operation. Most of these proposal focus on the reduction of systems costs, to strike a balance between passengers waiting time and operating costs.
For instance, Petri networks are used to model TransMilenio in López et al. (2011) . The proposed model is classified as a macroscopic deterministic simulation model, due to its detail level, process and operation representation. The model uses a multi-agent approximation to model three important system components: the passenger behaviour (how many passengers take the bus per hour), the busway dynamics, and the interaction between the passengers and the buses. Since Petri networks are unable to deal with time, trigger times are added to the nodes to represent temporal relationships.
Two Petri networks are designed. One models the whole system and randomly assigns buses to routes, and the other separates the routes from the buses. Random models have the advantage of being able to simulate the interaction between routes. The random model outperforms non-random models to satisfy the demand with the minimum number of resources. Finally, the random model works as an integrated system and it is capable of solving perturbation by itself. The result of this simulation shows that there is a point at which adding more buses to the system does not improve the performance.
In Duarte et al. (2008) , a genetic algorithm is used to find the best frequency for pre-established bus routes that minimises passenger waiting time. The frequency is determined by the assignment of buses to each route. The model tries to minimise the time the passengers spend on the system, which is composed of the travel time plus the waiting time at the stations.
The genetic algorithm chromosome size is equal to the number of routes and the population is initialised randomly with the constraint that each route has at least one bus assigned. A random matrix is also created along with the initial population, this matrix contains all origin-destination trips. This algorithm assumes the user is 'smart' and will always choose the best route to go to his/her destination.
The arrival of buses at the station and the passengers waiting time are modelled by a Poisson process and a distributed Erlang event, respectively. It accounts for the scenario where buses are full and passengers cannot board. In these cases the passengers have to wait to the next bus.
A graph with the routes was designed to measure the time, where each node represents a station and the arcs represent the connections between them. The arc costs are the travel time between the stations that the arcs connect. Additionally, arcs with the possible express routes are included. Dijkstra's algorithm is then used to compute the shortest routes, and it is executed before running the algorithm.
In Valbuena and Hidalgo (2005) , a model to evaluate TransMilenio routes is built based on the data provided by a origin-destination matrix. The trip probabilities between stations and passenger arrival rate to each station are computed from this matrix, assuming that the users know which is the best route to reach their destination. The model is implemented in a commercial simulation software package.
The model includes a set of constraints regarding user behaviour when choosing their route to reach to their destination. The input data for the evaluation algorithm are the origin-destination pairs, the stops of each service and the quantity of passengers associated with each pair. TransMilenio data is also required, such as existing routes, their frequency, vehicle capacity, speed, the distance between stations and other network characteristics.
The model is composed of three modules. The network module stores information about the physical infrastructure, such as stations, the distance between them, busways, and others; the stations module is in charge of the boarding and alightment at each station and the arrivals module assigns passenger origin and destination.
The time that the passenger spends inside the station is given by the travel time, the bus stopping time and passenger waiting time at the station. The bus arrival times are assumed to be uniform. Therefore, the waiting time of each passenger is equal to half of the route's headway.
Analysis of proposed models
Most of proposed models are far from being able to represent what goes on in the real world because they are not detailed enough to represent what happens within a BRT system. We are going to describe the advantages and drawbacks of each model.
The model presented in Duarte et al. (2008) does not account for vehicle operating costs. This fact is clearly reflected in the results, where the best solution is to increase bus departure frequencies and use the entire bus fleet. The models do not adequately represent constraints concerning capacities within the system, which is modelled for the whole corridor but not for each station individually. This overlooks the fact that there are some stations that have more demand than others. The model does not account for deceleration and acceleration times, passengers boarding and alighting times or dwell times at signalised intersections. An advantage of this proposal is that it builds a graph that pre-calculates the travel times between each pair of stations for each route. This is helpful to find the optimal route between two stations.
The model presented in López et al. (2011) has several voids, such as the fact that it does not account for passenger waiting time or vehicle operating costs. Neither does it account for passenger congestion within the stations, vehicle congestion at stations, discriminated speeds between each pair of stations, or assign distribution times to passenger and vehicle arrivals at stations. On the other hand, it has several advantages, such as considering that when buses are full passengers must wait for the next bus. The model is a user-friendly graphic tool that can model a system in which equations are not known.
The model presented in Valbuena and Hidalgo (2005) refers to some important constraints but the model does not include any. Other constraints included as assumptions are not necessarily realistic. For instance, it is assumed that if a passenger is going to make a trip that is five or less stations of long, he/she will only take normal (all-stops) services. It does not consider decelerating and accelerating times, passenger boarding and alighting times or dwell times at signaled intersections either.
The model presented in Sun et al. (2008) assumes the same speed between every pair of stations, which is not realistic. It does not consider the bus passenger capacity, vehicle capacity at the stations and passenger capacity at the stations either. Waiting times at signaled intersections are not considered either. A major drawback of this model is that it uses the number of passengers that board and alight from buses at each station rather than an origin-destination matrix as input. This demand data is not detailed enough to identify passenger behaviour. The model accounts for passenger waiting times and vehicle operating costs. It also introduces an innovative variable-sise codification and the use of binary variables to indicate whether or not a bus stops at a station.
The model presented in Chen et al. (2012) is one of the most complete. In fact, it incorporates most cost variables. It is the only model that includes passenger boarding and alighting times and the stop times at the signaled intersections. Nevertheless, it has some drawbacks. For example, it only considers one express route, i.e., scenarios with several express routes cannot be evaluated. The model is aimed at reaching the best departure frequency for a normal and an express route that operate along the same busway. Its parameters are the origin-destination matrix, the stations in which the express routes stops and the bus fleet size. Note, finally that the model does not consider vehicle congestion or passenger congestion at stations.
The model presented in Leiva et al. (2010) is also very complete and perhaps the best at representing the costs of a real BRT system. This is accomplished thanks to the inclusion of several express routes on one busway and because it is good at differentiating travel time and operating costs. But it is not free of drawbacks. For instance, it does not include acceleration and deceleration times, boarding and alighting times or stop times at signaled intersections. The proposed model searches the departure frequencies that optimise BRT operation according to a defined cost function.
In summary, none of the reviewed proposals considers vehicle congestion at stations or passenger congestion at stations. This is worrying, because, as stated in Cain et al. (2006) , Gleave (2007) and Wright and Hook (2007) , the capacity bottleneck of a BRT system is the vehicle capacity at the stations. There are not many proposals that account for this point because hardly any BRT systems have reached maximum capacity, which could be the reason why the proposals have focused mainly on the minimisation of passenger waiting times an operating costs, and not on the increase of system capacity.
We found that none of the proposals offer automated route design. Chen et al. (2012) and Leiva et al. (2010) , which offer validation models for routes that can be given to the model as a parameter, come the closest. We also found that none of the proposals take a multi-objective approach to the problem.
A major point to be considered when modelling BRT systems correctly is passenger' behaviour. Is important to successfully model which lines passengers will choose given an origin-destination pair. Passengers are likely to choose the line gets them to their destination in the shortest possible time, but this may not always be the case because passengers may be unfamiliar with the system, want to avoid transfers or decide not take the fastest line because its frequency is low and they prefer not to wait. This is one of the less explored topics in the BRT systems literature.
Proposed optimisation model for TransMilenio
In this section, we provide a mathematical model for the optimisation of TransMilenio that adapts elements of the above proposals, mainly Chen et al. (2012) and Leiva et al. (2010) , and incorporates novel elements accounting for the features of that system.
The problem is to find departure frequencies for the established routes that minimise the time passengers spend inside the system and the operating costs. This set of frequencies must satisfy the constraints associated with the operation of TransMilenio. The problem is analysed only during the rush hour time window.
The set of stations determines the size of the BRT system. The number of stations is directly related to the complexity of the problem to be solved. Information about the system stations, the busways to which they belong, and each station's neighbouring stations must be considered. The set of TransMilenio stations is denoted by E = {e1,..., e 143 }, where e H refers to the i th station, i = 1,..., 143. The routes are paths between two stations (usually main stations) that buses must take and are composed of the set of station at which buses must stop. The set of TransMilenio routes is denoted by R = {r 1 ... ,r 90 }, where r j is the j th route, j = 1,...,90.
Operating hours is the time during which the BRT system is operating, denoted by T.
The decision variables for the proposed model are the the frequencies associated with each route, denoted by F = {f 1 ..., f 90 }, where f rk is the frequency for the buses of the k th route. The headways can be computed from the frequencies and vice-versa. The costs function is usually divided into passenger waiting time costs and the BRT system operating costs. The model that we propose accounts for three types of costs (Chen et al., 2012; Leiva et al., 2010; Sun et al., 2008) : passenger waiting time at station costs, C s ; passenger travelling time costs, C B ; and vehicles operating costs, C 0 . These first two costs can be grouped as the passenger total trip costs (Chen et al., 2012) .
Fixed costs, such as station cleaning, electricity, administrative wages, rents, and others, are not considered because they are independent of the BRT system operation (Chen et al., 2012) . The unit cost per kilometre, the unit cost for waiting time at the station and the unit cost for waiting time inside the buses, are denoted by /x 0 , Ms and Ms, respectively. These values are used in the cost function to evaluate the quality of the sets of routes. Then, the function to be optimised (minimised) is:
min C = C S + C B + C 0 .
The waiting time at station costs can be computed as follows:
Qeiej -^ ei,ej£E k ~ Se'lej fr k X X r k ER where x r e >°e. is a binary variable that indicates whether a route r k is a good option for travelling* from the station a to the station &j (its value is 1 if the route is attractive and 0 otherwise), and e is the bus arrival distribution at the stations, which are assumed Poisson distributions.
Note that an origin-destination matrix is available, which contains information about passenger demand, i.e., the amount of users travelling from station a to station e j . We use an origin-destination matrix with rush hour data, because this is the time window when the system is closer to maximum capacity. We denoted by q eiBj the number of passengers that travel from station a to station e h used in the waiting time at station costs expression.
The travel time costs can be computed by: E *2W X fr k X X r e %. Speeds between each pair of stations, denoted by s e^, are very important because not all busways have the same characteristics and therefore the speed is not always the same. Some busways have signaled intersections, whereas others are built over highways where they can travel at faster speeds.
In the above expression, the boarding and alighting times along with acceleration and deceleration times are used to determine the total stop time of a bus at a station. The stop time increases with the amount of people that board or alight the bus. Based on the model proposed in Chen et al. (2012) , we can calculate passenger boarding time at a station as d e \ x r a , where d e \ is the passenger boarding rate for route r j at station e; and r a is the passenger boarding time. In the same way, the alighting time is denoted by fill x T/ 3 , where /? is used for alightings.
